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The state space formalism for piezothermoelasticity [Tarn, J.Q., 2002c. A state space formalism for piezothermoelas-
ticity. International Journal of Solids and Structures 39, 5173–5184.] is reﬁned by introducing the generalized displacement
vector and generalized stress vectors as the fundamental variables in which appropriate electrical variables are included.
The basic equations of piezoelectricity with temperature change are formulated neatly into a state equation and an output
equation in terms of the generalized displacement vector and generalized stress vectors. The formalism bears a remarkable
resemblance to its elastic counterpart. Various problems of piezothermoelasticity can be solved by simple extension of the
corresponding solutions of anisotropic elasticity. For illustration, some fundamental problems are studied within the con-
text and exact solutions are obtained in a systematic and self-contained manner.
 2008 Elsevier Ltd. All rights reserved.
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Analysis of electro-thermo-mechanical responses of a piezoelectric body is much more complicated than its
elastic counterpart due to electromechanical coupling. In linear piezoelectricity the equations of elasticity are
coupled to the equations of electrostatics through piezoelectric constants (Tiersten, 1969; Nowacki, 1975). The
basic equations involve 13 independent electromechanical ﬁeld variables (three displacement components, six
stress components, three electric displacement components, and one electric potential) and 54 piezothermo-
elastic constants of a piezoelectric material of the most general class (Nye, 1957). As such, it would be intrac-
table if analysis of problems of piezothermoelasticity is conducted by dealing with individual ﬁeld variables
and many of the material constants. Extension of the classical formalism of anisotropic elasticity to piezother-
moelasticity (Ting, 1996) has been restricted to 2D problems of plane deformation.
In this paper, we extend the state space formalism for anisotropic elasticity to piezothermoelasticity. An
earlier version of the state space formalism (Tarn, 2002a,b,c) was formulated on the basis of grouping the ﬁeld
variables and partitioning the constitutive matrices accordingly. As a result, the state equation and output0020-7683/$ - see front matter  2008 Elsevier Ltd. All rights reserved.
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Herein, the formalism is reﬁned by introducing the generalized displacement vector and the generalized stress
vectors as the fundamental variables in which appropriate electrical variables are included, with in view that
the boundary conditions of the problems are directly associated with them. Carrying out the idea, the basic
equations of piezoelectricity with temperature change, including the constitutive equations for piezothermo-
elastic materials of the most general class, the strain–displacement relations, the equations of equilibrium,
the equations of electrostatics, and the electric ﬁeld–electric potential relations, are formulated into the state
space framework in which two matrix equations in terms of the generalized displacement vector and general-
ized stress vectors embrace the 3D equations of piezothermoelasticity in full. The expressions are simple, expli-
cit, and much clearer than the previous one. More importantly, the state equation and the output equation
bear a remarkable resemblance to their elastic counterparts, diﬀering only in the dimensions and entities of
the corresponding matrices. As such, correspondence between piezothermoelasticiy and anisotropic elasticity
emerges in the state space setting, which enables us to determine the solutions for various problems of piezo-
thermoelasticity by extension of the corresponding elastic solutions. In many cases, piezothermoelastic solu-
tions can be obtained simply by replacing the elastic matrices with their piezoelectric counterparts.
For illustration, a number of fundamental problems of piezothermoelasticity are studied within the context,
including inﬁnite-space and half-space Green’s function solutions for piezoelectric media subjected to line
sources, the electromechanical ﬁelds in a piezoelectric half-space subjected to line loads, and electroelastic
analysis of an inﬁnite piezoelectric plate with an elliptic notch subjected to uniform extension. Exact solutions
for the problems, each in their own right, are derived in a systematic and self-contained manner.
2. State space formulation
Consider the piezoelectric material of the most general kind. The linear piezothermoelastic constitutive
equations in tensor notation (Nye, 1957) arerij ¼ cijklekl  ekijEk  bijT ; ð1Þ
Di ¼ eijkejk þ jikEk þ pei T ; ð2Þwhere rij and eij are the stress and strain tensors, Di and Ei are the electric displacement and electric ﬁeld vec-
tors, T is the temperature ﬁeld, cijkl the 21 elastic constants measured at a constant electric ﬁeld and constant
temperature, jij the permittivity constants measured at constant strain and constant temperature, eijk the pie-
zoelectric constants measured at constant temperature, bij the thermal coeﬃcients measured at constant elec-
tric ﬁeld, pei the pyroelectric constants measured at constant strain. The material constants possess the
symmetric propertiescijkl ¼ cjikl ¼ cijlk ¼ cklij; ekij ¼ ekji; jik ¼ jki; bij ¼ bji: ð3Þ
Eqs. (1) and (2) are the constitutive relations for piezoelectric materials of the 32 crystal classes and piezo-
electric ceramics. There are 54 independent material constants in total for a piezoelectric material of the most
general kind. In particular, Eq. (1) reduces to the constitutive equations of anisotropic thermoelastic materials
by letting eijk ¼ 0:
The linear strain–displacement relations areeij ¼ ðojui þ oiujÞ=2; ð4Þ
where oi stands for the partial derivatives with respect to spacial coordinates xi; ui denotes the components of
displacement components.
The equations of stress equilibrium areojrji þ F i ¼ 0; ð5Þ
where F i denotes the body force components.
The charge equation of electrostatics isoiDi ¼ fq; ð6Þ
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The electric ﬁeld–electric potential relations areEi ¼ oi/; ð7Þ
where / is the electric potential.
Eqs. (1)–(7) are the basic equations necessary for a unique solution of the 13 independent electromechanical
ﬁeld variables. Clearly, it would be cumbersome to deal with the ﬁeld variables and material constants indi-
vidually. To formulate the basic 3D equations of piezothermoelasticity into the state space setting, we deﬁne
the generalized displacement vector u and the generalized stress vectors ri such thatu ¼ ½ u1 u2 u3 / T; ri ¼ ½ r1i r2i r3i Di T; ð8Þ
then Eqs. (1)–(7) can be expressed concisely as follows.
Constitutive equations:r1
r2
r3
2
64
3
75 ¼
C11 C12 C13
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C31 C32 C33
2
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75T ; ð9ÞwhereCij ¼
c1i1j c1i2j c1i3j ej1i
c2i1j c2i2j c2i3j ej2i
c3i1j c3i2j c3i3j ej3i
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2
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7775;and the following identities exist among the matrices Cij:Cij ¼ CTji; Cijkk ¼ Cikkj; ði; j; k ¼ 1; 2; 3Þ ð10Þ
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7775:Strain–displacement relations and electric ﬁeld–electric potential relations:e1
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CA: ð11ÞEquations of stress equilibrium and electrostatics:o1r1 þ o2r2 þ o3r3 þ F ¼ 0; ð12Þ
where I denotes the 4 4 identity matrix, and$ ¼ ½ o1 o2 o3 0 T; F ¼ ½ F 1 F 2 F 3 fq T:
By using Eqs. (10) and (9) can be combined with Eq. (11) to arrive atr1
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and entities of the corresponding matrices. As such, the state equation and the output equation for piezother-
moelasticity can be written out at once as follows:o
ox3
u
r3
 
¼ D11 C
1
33
D21 D11
" #
u
r3
 
þ cc
Dc
 
T  0
F
 
; ð14Þ
r1
r2
 
¼ Q11o1 þQ12o2 C13C
1
33
Q21o1 þQ22o2 C23C133
" #
u
r3
 
 c1
c2
 
T ; ð15ÞwhereD11 ¼ C133 C31 C32½ 
o1I
o2I
 
; Dc ¼ o1I o2I½ 
c1
c2
 
;
D21 ¼ ½ o1I o2I 
Q11 Q12
Q21 Q22
 
o1I
o2I
 
; cc ¼ C133 b3;
Qij ¼ Cij  Ci3C133 C3j; ci ¼ bi  Ci3C133 b3:
Eqs. (14) and (15) embrace the 3D equations of piezothermoelasticity in full, hold for non-homogeneous
media as well. They exhibit permutable structure of the indices 1, 2, and 3 so that, if r1 or r2 is to be chosen
in place of r3, the corresponding state equation and output equation can be written out by index permutation.
Note that these equations are identical to the state equation and the output equation for anisotropic elasticity,
diﬀering only in dimensions of the corresponding matrices.
3. Generalized plane problems
In the present work we conﬁne our attention to applications of the formalism to the generalized plane prob-
lems. It can be shown, through analysis of the eigensolution in the case of zero eigenvalue, that the generalized
displacement ﬁeld for the generalized plane problems of piezothermoelasticity takes the formu1
u2
u3
/
2
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0
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x3
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0
0
0
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x2x3
x1x3
0
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2
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3
7775þ b1
x23=2
0
x1x3
0
2
6664
3
7775þ b2
0
x23=2
x2x3
0
2
6664
3
7775; ð16Þwhere the rigid body displacements and a uniform electric potential are not included; u, v, w and u are un-
known functions of x1 and x2; the parameter e is a uniform extension; g is a uniform electric ﬁeld in the axial
direction; # is associated with the curvature due to twisting; b1 and b2 are associated with the curvatures due to
bending.
Substituting Eq. (16) in Eqs. (14) and (15) yieldsD11 C
1
33
D21 D11
" #
v
r3
 
¼ g1
g2
 
; ð17Þ
r1
r2
 
¼ Q11o1 þQ12o2 C13C
1
33
Q21o1 þQ22o2 C23C133
" #
v
r3
 
 c1
c2
 
T ; ð18Þwherev ¼ ½ u v w u T; f ¼ ½ F 1 F 2 0 0 T;
g1 ¼ ðeþ b1x1 þ b2x2Þk3 þ gk4 þ #ðx1k2  x2k1Þ  ccT ; g2 ¼ f DcT :The homogeneous solution of Eq. (17) takes the form
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where U and S are constant vectors, f ðzÞ is a function of the complex variables z ¼ x1 þ px2, p is a parameter
to be determined.
Substituting Eq. (19) in Eq. (17), we obtainC133 ðC31 þ pC32Þ C133
Q11 þ pðQ12 þQ21Þ þ p2Q22 ðC13 þ pC23ÞC133
" #
U
S
 
¼ 0; ð20Þwhich, after simple manipulation, yields½C11 þ pðC12 þ C21Þ þ p2C22U ¼ 0; ð21Þ
for the eigenvectors U.
Non-trivial solution of Eq. (21) exists if and only if the determinant of the coeﬃcient matrix vanishes,j C11 þ pðC12 þ C21Þ þ p2C22 j¼ 0; ð22Þ
from which the eigenvalues p can be determined. The equation coincides with the octet equation for p by
extending Stroh’s formalism to piezoelectric materials (Ting, 1996).
Since p cannot be real and there are four pairs of complex conjugate pk, it follows that the general solution
for the generalized displacement vector and generalized stress vectors areu ¼ 2Re
X4
k¼1
UkfkðzkÞ þ ub; ð23Þ
r1
r2
r3
2
64
3
75 ¼ 2ReX4
k¼1
ðC11 þ pkC12ÞUk
ðC21 þ pkC22ÞUk
ðC31 þ pkC32ÞUk
2
64
3
75f 0kðzkÞ þ
r1
r2
r3
2
64
3
75
b
; ð24Þwhere Uk is the eigenvector associated with the eigenvalue pk, zk ¼ x1 þ pkx2. The terms associated with the
particular solution in Eqs. (23) and (24) are indicated by a subscript b, which are associated with the constants
e, g, #, b1 and b2. In case there is no applied load at the end sections of a cylindrical body, the terms associated
with the particular solution vanish.
With the above general solution, the task of solving a generalized plane problem of piezothermoelasticity
reduces to determining the complex functions fkðzkÞ that satisfy the prescribed BC of the problem. In the
sequel, exact solutions for a number of fundamental problems of piezothermoelasticity, each in their own
right, are derived in a systematic and self-contained manner.
4. Green’s functions
4.1. Inﬁnite-space Green’s function
Consider the electromechanical ﬁeld in an inﬁnite piezothermoelastic medium subjected to a line dislocation
ðd1, d2; 0Þ, a line force ðp1; p2; 0Þ, a line voltage u, and a line charge Dn. Under such line sources acting along
the line deﬁned by x1 ¼ x1; x2 ¼ x2, the parameters e ¼ # ¼ b1 ¼ b2 ¼ 0 and the resultants over a simply closed
contour enclosing the line singularity at ðx1; x2Þmust give rise to a generalized displacement increment equal to
b ¼ ðd1; d2; 0;uÞ, and a net traction and electric charge equal to p ¼ ðp1; p2; 0;DnÞ.
These considerations prompt us to takefkðzkÞ ¼ ck logðzk  zkÞ; zk ¼ x1 þ pkx2; ð25Þ
where ck are unknown constants, knowing that if logðzk  zkÞ moves continuously from an initial point on a
simple contour enclosing zk , after a complete circuit its imaginary part increases by 2pi.
As shown in the Appendix A, the resultant traction and electric charge over a simply closed contour c is
given by
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X4
k¼1
Z
c
ðC21 þ pkC22ÞUkf 0kðzkÞdzk: ð26ÞThere followsu ¼ 2Re
X4
k¼1
ckUk logðzk  zkÞ; ð27Þ
R ¼ 2Re
X4
k¼1
Z
c
ckðC21 þ pkC22ÞUkðzk  zkÞ1dzk; ð28Þwhere Uk are the normalized eigenvectors obtained from Eq. (19), ck are unknown constants of linear
combination.
Integrating Eq. (28) along the circular contour centered at zk :zk  zk ¼ qeih; logðzk  zkÞ ¼ log qþ ih; 0 6 h < 2p; ð29Þ
yieldsR ¼ 2Re
X4
k¼1
ckðC21 þ pkC22Þð2piÞUk: ð30ÞEq. (29) together with Eq. (27) around a simply closed contour enclosing zk lead to a system of eight
equations:X4
k¼1
Uk Uk
ðC21 þ pkC22ÞUk ðC21 þ pkC22ÞUk
" #
ck
ck
 
¼ 1
2pi
b
p
 
; ð31Þfor the eight unknown ck and ck, where an over-bar denotes the conjugate of a complex variable or function.
As a result, the inﬁnite-space Green’s function solution under the line source is given by the displacement
ﬁeld, Eq. (27), and the stress ﬁeld:r1
r2
r3
2
64
3
75 ¼ 2ReX4
k¼1
ckðC11 þ pkC12ÞUkðzk  zkÞ1
ckðC21 þ pkC22ÞUkðzk  zkÞ1
ckðC31 þ pkC32ÞUkðzk  zkÞ1
2
64
3
75: ð32Þ4.2. Half-space Green’s functions
When the line source is acting in the half-space deﬁned by x2 6 0, the electromechanical ﬁeld in the inﬁnite-
space is perturbed by the presence of the half-space boundary. With this in view, letF kðzkÞ ¼ ck logðzk  zkÞ þ /kðzkÞ; zk ¼ x1 þ pkx2; ð33Þ
where ck logðzk  zkÞ are the complex functions for the inﬁnite-space, which produce a generalized displace-
ment increment equal to b and resultant traction and electric charge equal to p. The unknown complex func-
tions /kðzkÞ must be analytic in x2 6 0 so that the additional terms do not produce resultants over a simply
closed contour enclosing zk .
The unknown /kðzkÞ are to be determined from the prescribed BC on the half-space. To be speciﬁc, we con-
sider in the following two types of BC.
1. Traction-free and insulated BC:r2 ¼ 0 on x2 ¼ 0: ð34Þ
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4X
k¼1
ckðC21 þ pkC22ÞUkðx1  zkÞ1 þ ckðC21 þ pkC22ÞUkðx1  zkÞ1
h in
þ ðC21 þ pkC22ÞUk/0kðx1Þ þ ðC21 þ pkC22ÞUk /0kðx1Þ
 o ¼ 0: ð35ÞBy inspection, Eq. (35) consists of terms of complex conjugate, which holds if0  1Uk/kðx1Þ ¼ ckUkðx1  zkÞ ; ð36Þ
orðC21 þ pkC22ÞUk/0kðx1Þ ¼ ckðC21 þ pkC22ÞUkðx1  zkÞ1: ð37Þ
Eq. (36) is invalid because it results in zero displacement and zero stresses. Thus, integrating Eq. (37) with
respect to x1 and replacing x1 by zk yields1 Uk/kðzkÞ ¼ ckðC21 þ pkC22Þ ðC21 þ pkC22ÞUk logðzk  zkÞ: ð38Þ
2. Rigid and grounded BC:u ¼ 0 on x2 ¼ 0: ð39Þ
Substituting Eq. (33) in Eqs. (23) and (39) gives
4 4X
k¼1
½ckUk logðx1  zkÞ þ ckUk logðx1  zkÞ þ
X
k¼1
½Uk/kðx1Þ þUk/kðx1Þ ¼ 0; ð40Þwhich demandsUk/kðx1Þ ¼ ckUk logðx1  zkÞ; ð41Þ
thusUk/kðzkÞ ¼ ckUk logðzk  zkÞ: ð42Þ
The complex functions /kðzkÞ given by Eqs. (38) and (42) are analytic in x2 6 0 for the logarithmic singularity
at zk ¼ zk lies outside the region. As a result, the half-space Green’s function solution under the line source is4u ¼ 2Re
X
k¼1
½ckUk logðzk  zkÞ  ckVk logðzk  zkÞ; ð43Þ
r1
r2
r3
2
64
3
75 ¼ 2ReX4
k¼1
ðC11 þ pkC12Þ½ckUkðzk  zkÞ1  ckVkðzk  zkÞ1
ðC21 þ pkC22Þ½ckUkðzk  zkÞ1  ckVkðzk  zkÞ1
ðC31 þ pkC32Þ½ckUkðzk  zkÞ1  ckVkðzk  zkÞ1
2
64
3
75; ð44ÞwhereVk ¼ ðC21 þ pkC22Þ
1ðC21 þ pkC22ÞUk; in case x2 ¼ 0 is traction-free and insulated;
Uk; in case x2 ¼ 0 is rigid and grounded:
(Green’s function solutions given above display symmetric permutation of indices 1, 2, and 3. They are
expressed explicitly in terms of the material constants and the coordinates. Their counterparts of anisotropic
elasticity are obtained by setting eijk ¼ 0.5. Electromechanical ﬁeld in a half-space
Solution for the problem of an anisotropic elastic half-space subjected to line loads was given in Section 28
of Lekhnitskii (1981). Consider now the electromechanical ﬁeld in the half-space under mechanical loads and
electric charge or voltage such that the mechanical BC on the half-space boundary isr12 ¼ T ðx1Þ; r22 ¼ Nðx1Þ; r23 ¼ 0 on x2 ¼ 0; ð45Þ
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The electrical BC isD2 ¼ Dðx1Þ or / ¼ uðx1Þ on x2 ¼ 0; ð46Þ
where Dðx1Þ and uðx1Þ are prescribed electric charge and voltage, respectively.
First, consider the case when the electric charge is prescribed in addition to the mechanical loads. In the
present context, the BC is simplyr2ðx1; 0Þ ¼ gðx1Þ; ð47Þ
wheregðx1Þ ¼ ½ T ðx1Þ Nðx1Þ 0 Dðx1Þ T:
Substituting Eq. (24)2 with e ¼ # ¼ b1 ¼ b2 ¼ 0 into Eq. (47) gives
X4
k¼1
½ðC21 þ pkC22ÞUkF 0kðx1Þ þ ðC21 þ pkC22ÞUkF 0kðx1Þ ¼ gðx1Þ: ð48ÞApplying to Eq. (48) the Cauchy integral formula of analytic functions in a half-plane (Lekhnitskii, 1981,
p.148):1
2pi
Z 1
1
f ðnÞ
n z dn ¼ f ðzÞ;
1
2pi
Z 1
1
f ðnÞ
n z dn ¼ 0; ð49Þwhere f ðzÞ is analytic in the lower half-plane x2 6 0, f ð1Þ ! 0 and z is a point on the lower half-plane, we
obtain a system of four algebraic equationsX4
k¼1
ðC21 þ pkC22ÞUkf 0kðzÞ ¼ 
1
2pi
Z 1
1
gðx1Þ
x1  z dx1 ð50Þto determine the four unknown f 0kðzÞ. Upon solving for f 0kðzÞ, the analytic functions fkðzkÞ for the problem are
obtained by integration with respect to z and replacing the variable z by zk.
Next, consider the case when the electric voltage is prescribed in addition to the mechanical loads. The BC
can be expressed asK1r2ðx1; 0Þ ¼ h1ðx1Þ; K2uðx1; 0Þ ¼ h2ðx1Þ; ð51Þ
whereK1 ¼
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
2
6664
3
7775; K2 ¼
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1
2
6664
3
7775;
h1ðx1Þ ¼ T ðx1Þ Nðx1Þ 0 0½ T; h2ðx1Þ ¼ 0 0 0 uðx1Þ½ T:
Substituting Eqs. (23) and (24)2 in Eq. (51) givesX4
k¼1
K1½ðC21 þ pkC22ÞUkf 0kðx1Þ þ ðC21 þ pkC22ÞUkf 0kðx1Þ ¼ h1ðx1Þ; ð52Þ
X4
k¼1
K2½Ukfkðx1Þ þUkfkðx1Þ ¼ h2ðx1Þ: ð53ÞApplying the Cauchy integral formula Eqs. (49) to (52) and (53), respectively, we obtain
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k¼1
K1ðC21 þ pkC22ÞUkf 0kðzÞ ¼ 
1
2pi
Z 1
1
h1ðx1Þ
x1  z dx1; ð54ÞX4
k¼1
K2UkfkðzÞ ¼  1
2pi
Z 1
1
h2ðx1Þ
x1  z dx1: ð55ÞOn diﬀerentiation with respect to z, Eq. (55) becomesX4
k¼1
K2Ukf 0kðzÞ ¼ 
1
2pi
Z 1
1
h2ðx1Þ
ðx1  zÞ2
dx1; ð56Þwhich, together with Eq. (54), constitutes a set of four algebraic equations for the four unknown f 0kðzÞ. Upon
determining f 0kðzÞ, the analytic functions fkðzkÞ for the problem are obtained by integration with respect to z
and replacing the variable z by zk.
The solution for its elastic counterpart are produced by setting eijk ¼ 0.
6. Electromechanical ﬁeld in a notched plate
Disturbance of the uniform ﬁeld in an inﬁnite plate by the presence of a notch is a classical problem of
anisotropic elasticity (Savin, 1961; Lekhnitskii, 1981). We consider now the electromechanical ﬁeld in a
notched plate.
When an inﬁnite plate is subjected to remote loading, the internal ﬁeld is uniform. In the presence of a
notch, the electromechanical ﬁeld can be determined by superposing on the uniform ﬁeld an auxiliary ﬁeld
resulted from applying on the notch contour the negative of the traction and normal electric displacement
(or electric potential, depending on the electrical BC on the notch boundary) associated with the uniform ﬁeld.
The superposition makes the notch boundary free from electromechanical loads, thus produces the solution
for the notched plate under remote loading.
To be speciﬁc, consider the isothermal state of a notched plate subjected to uniform extension e0 in the x1
direction and a constant electrical potential remote from the notch so that the conditions at inﬁnity aree11 ¼ e0; eij ¼ 0ði; j 6¼ 1Þ; / ¼ constant: ð57Þ
In the present context, the uniform ﬁeld in the plate without the notch isr1i ¼ e0½ c1i11 c2i11 c3i11 ei11 T; ði ¼ 1; 2; 3Þ ð58Þ
The tractions and the normal electric displacement resulted from Eq. (58) areP ¼ e0ðp1 cos hþ p2 sin hÞ; ð59Þ
at a point on the notch boundary, where the origin is located at the center of the ellipse, h is the angle mea-
sured counter-clockwise between the x1 axis and the outward normal at a point on the notch boundary, andp1 ¼ ½ c1111 c2111 c3111 e111 T; p2 ¼ ½ c1211 c2211 c3211 e211 T:
In terms of the complex functions fkðzkÞ, the expressions for the traction and the normal electric displace-
ment are given byT ¼ 2Re
X4
k¼1
½ðC11 þ pkC12ÞUk cos hþ ðC21 þ pkC22ÞUk sin hf 0kðzkÞ: ð60ÞThe traction-free and electric-insulated notch BC are satisﬁed by applying P to the notch boundary such
that2Re
X4
k¼1
½ðC11 þ pkC12ÞUk cos hþ ðC21 þ pkC22ÞUk sin hf 0kðzkÞ ¼ e0ðp1 cos hþ p2 sin hÞ; ð61Þat a point on the notch boundary. In addition, the auxiliary ﬁeld must vanish at inﬁnity such that fkð1Þ ! 0.
3030 J.-Q. Tarn, H.-H. Chang / International Journal of Solids and Structures 45 (2008) 3021–3032In order to determine fkðzkÞ from Eq. (61) for the auxiliary ﬁeld, the notch boundary in terms of zk
ðk ¼ 1; 2; 3; 4Þ must be expressed in terms of the same variable, say n. This amounts to mapping the exterior
of the notch in the zk planes onto the exterior of a unit circle in the n plane. It has been shown (Wang and
Tarn, 1993) that such a mapping is possible only if the notch is of elliptic shape and the mapping function iszk ¼ mknþ mkn1; n ¼ eih; ðk ¼ 1; 2; 3; 4Þ ð62Þ
wheremk ¼ ða ipkbÞ=2; mk ¼ ðaþ ipkbÞ=2;
which maps the exterior of an ellipsex21
a2
þ x
2
2
b2
¼ 1; x1 ¼ a cos h; x2 ¼ b sin h ð63Þonto the exterior of a unit circle in the n plane for all zk.
The inverse relation of Eq. (62) isn ¼ zk þ ðz
2
k  4mk mkÞ1=2
2mk
; ð64Þso thatf 0kðzkÞ ¼ f 0kðnÞ
dn
dzk
¼ n
mkn mkn1
F 0kðnÞ: ð65ÞSubstituting Eqs. (62) and (65) in Eq. (61), withcos h ¼ 1
2
ðnþ n1Þ; sin h ¼  i
2
ðn n1Þ; ð66Þon the unit circle n ¼ eih, we obtainRe
X4
k¼1
nðnþ n1Þ
mkn mkn1
ðC11 þ pkC12Þ 
inðn n1Þ
mkn mkn1
ðC21 þ pkC22Þ
 
Ukf 0kðnÞ
¼ e0ðp1 cos hþ p2 sin hÞ: ð67ÞMultiplying both sides of Eq. (67) by ð2piÞ1dn=ðn zÞ, integrating them clockwise around the unit circle,
and applying the Cauchy integral formula:1
2pi
I
c
f ðnÞ
n z dn ¼ f ðzÞ;
1
2pi
I
c
f ðnÞ
n z dn ¼ 0; ð68Þwhere f ðzÞ is analytic in j n j> 1, f ð1Þ ! 0 and z is a point in j n j> 1, we obtain a system of four algebraic
equationsX4
k¼1
zðzþ z1Þ
mkz mkz1 ðC11 þ pkC12Þ 
izðz z1Þ
mkz mkz1 ðC21 þ pkC22Þ
 
Ukf 0kðzÞ
¼  e0
p
Z 2p
0
ðp1 cos hþ p2 sin hÞðcos hþ i sin hÞ
cos hþ i sin h z dh; ð69Þto determine the four unknown f 0kðzÞ. Subsequently, integrating f 0kðzÞ with respect to z and replacing the var-
iable z by zk yields the analytic functions fkðzkÞ for the auxiliary ﬁeld.
The electromechanical ﬁeld in the inﬁnite plate with an elliptic notch subjected to remote loading are given
by combining the uniform ﬁeld and the auxiliary ﬁeld as follows:
J.-Q. Tarn, H.-H. Chang / International Journal of Solids and Structures 45 (2008) 3021–3032 3031r1
r2
r3
2
64
3
75 ¼
r11
r12
r13
2
64
3
75þ 2ReX4
k¼1
ðC11 þ pkC12ÞUk
ðC21 þ pkC22ÞUk
ðC31 þ pkC32ÞUk
2
64
3
75f 0kðzkÞ; ð70Þwhere r1i is the uniform ﬁeld given by Eq. (58).
The solution for extension of a plate containing a crack or slit of length 2a in the direction of x1 is obtained
by letting b ! 0, whereas the one for the case of a crack or slit of length 2b perpendicular to x1 is obtained by
letting a ! 0: The corresponding solutions of anisotropic elasticity are obtained by letting eijk ¼ 0.
In closing, we note that a series solution for the problem can be found by assuming F kðzkÞ in the form of a
Laurent’s series:fkðzkÞ ¼ Ak ln zk þ
X1
n¼1
cnkznk ; f
0
kðzkÞ ¼ Akz1k þ
X1
n¼1
ncnkzn1k ; ð71Þwhere the coeﬃcients Ak and cnk can be determined from Eq. (67) by expressing it in terms of n ð¼ eihÞ using
Eq. (64), representing the right-hand side in the complex form of Fourier series, and comparing the coeﬃcients
of equal-power terms of einh on both sides of the equation. The procedure is straightforward but involves cum-
bersome manipulation.7. Closure
We have formulated the basic equations of piezothermoelasticity in terms of a generalized displacement
vector and generalized stress vectors in the state space framework in which the state equation and the
output equation are identical in form to their elastic counterparts except for the dimensions and entities
of the corresponding matrices. Solutions for problems of piezothermoelasticity can be derived in parallel
to the corresponding solutions of anisotropic elasticity in the state space setting. For illustration, we have
determined the exact solutions for some fundamental problems by simple extension of the corresponding
elastic solutions. It is conceivable that many available anisotropic elasticity solutions can be extended to
piezothermoelasticity by using the correspondence provided that the boundary conditions of the problem
of piezothermoelasticity and their elastic counterparts are expressed in the same matrix form within the
state space framework.
The state space formalism is simple in concept and systematic in operation. Moreover, it possesses the
symplectic characteristics of a Hamiltonian system (Zhong, 2006), which provide an essential basis for
developing a solution approach using methods of matrix algebra, separation of variables and eigenfunc-
tion expansion. We shall report the Hamiltonian characteristics of the formalism and their implications
elsewhere.Acknowledgment
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006-060-MY3.Appendix A. Resultant traction in terms of the complex functions
The resultant traction and electric charge over a simply closed contour c is given by
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Z
c
½r1 cosð n!; x1Þ þ r2 cosð n!; x2Þds
¼ 2Re
X4
k¼1
Z
c
ðC11 þ pkC12ÞUkf 0kðzkÞ
dx2
ds
þ ðC21 þ pkC22ÞUkf 0kðzkÞ 
dx1
ds
  
ds
¼ 2Re
X4
k¼1
Z
c
½pkðC21 þ pkC22ÞUkf 0kðzkÞdx2  ðC21 þ pkC22ÞUkf 0kðzkÞdx1
¼ 2Re
X4
k¼1
Z
c
ðC21 þ pkC22ÞUkf 0kðzkÞðdx1 þ pkdx2Þ
¼ 2Re
X4
k¼1
Z
c
ðC21 þ pkC22ÞUkf 0kðzkÞdzk; ðA:1Þin which we have used Eq. (21) to arrive at the ﬁnal expression.
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